Abstract-In this paper, we consider the following higher-order neutral delay difference equations with positive and negative coefficients:
INTRODUCTION
In this paper, we shall consider the following higher-order neutral delay difference equations with positive and negative coefficients:
A'%, + GA) + pnxw-, -qnxn-z = 0, n 2 no E (0, 1,2,. . . },
where c E R, m 1 1, k > 1, T, 1 2 0 are integers, and {p,}~&, and {qn}F!no are sequences of nonnegative real numbers. The forward difference A is defined as usual; i.e., Axe, = x,+1 -x,.
Let o = max{ k, T, 1) and No 2 no be a fixed nonnegative integer. By a solution of (l), we mean a real sequence {x,} which is defined for all n > ZVe -o and satisfies (1) . The higher-order neutral difference equation with positive and negative coefficients received much less attention, which is due mainly to the technical difficulties arising in its analysis.
In particular, there is no nonoscillation result for (1) . In this paper, we obtain the global results (with respect to c) in the nonconstant coefficient case, which are some sufficient conditions for the existence of a nonoscillatory solution of (1) for allvaluesofc#f 1. As is customary, solution {zcn} of (1) is said to oscillate about zero or simply to oscillate if the terms 2, of the sequence {x1(} are neither eventually all positive nor eventually all negative. Otherwise, the solution is called nonoscillatory. For t E R, we define the usual factorial expression (t)(") = nEi'(t -i) with (t)(O) = 1.
NONOSCILLATION OF ODD ORDER EQUATIONS
In this section, we assume that m 2 1 is an odd integer. 
Then (1) has a bounded nonoscillatory solution.
PROOF. By (4) and (5), there exists a nr > max{Nr, no + o} sufficiently large such that
where Br is a constant, and
hold, where it4 is a positive constant such that Define an operator T : Sl -+ 12 as follows:
We shall show that TR c R. In fact, for every z E R and n 2 nr, using (7) and (8), we get
Furthermore, in view of (5) and (8), we have
Thus, we proved that TCl c 0. Now we shall show that operator T is a contraction operator on R. In fact, for x, y E Cl and n 1 nl, we have
This implies that lITa: -TYII I hllx -YII, where in view of (6), 81 < 1, which proves that T is a contraction operator on R. Therefore, T has a unique fixed point x in R, which is obviously a bounded positive solution of equation (1). This completes the proof of Theorem 1. PROOF. By (4) and (9), th ere exists a ni > max{ Nr , C} sufficiently large such that
' t=n+k where 02 is a constant, and
where H is a positive constant such that
holds. Let 1% be the set as in the proof of Theorem 1. Set Cl = {x = {xn} E 12 : H I: 2, 5 PH, n 2 no}.
Define an operator T : R + 1% as follows:
We shall show that TR c a. In fact, for every x E Q and n > ni, using (11) and (12), we get
Furthermore, in view of (9) and (12), we get
Thus, we proved that TSZ c Cl. Now we shall show that operator T is a contraction operator on R. In fact, for x, y E R and n 2 ni, we have
This implies that
IITx -TYII 5 e2llx -YII, where in view of (lo), 02 < 1, which proves that T is a contraction operator. Consequently, T has the unique fixed point x, which is obviously a bounded positive solution of equation (1). This completes the proof of Theorem 2. For every x E R and n > nl , using (15) and (16)) we get 00 Tz,=l+~-~~-~+(~~~)!~=~ C(i--n+m-1)
Further, in view of (13) Thus, we proved that TR c s1. where in view of (14), 65 < 1. This proves that T is a contraction operator. Consequently, T has the unique fixed point x, which is obviously a bounded positive solution of equation (1). This completes the proof of Theorem 3.
THEOREM 4. Assume that --oo < c < -1 and that (4) holds. Further, assume that there exists a constant 6 > 1 and a sufficiently large Nl 2 no such that
PROOF. By (4) and (17), there exists a n1 1 no sufficiently large such that the inequalities Define an operator T : R --f 1% as follows:
TX,, , no 5 n 5 nr.
For every x E R and n 2 n1 , using (17) and (20) In view of (18), fl4 < 1. This proves that T is a contraction operator. Consequently, T has the unique fixed point x, which is obviously a bounded positive solution of equation (1). This completes the proof of Theorem 4.
In the special case where qn s 0, conditions (5), (9), (13), and (17) are redundant. By Theorems 1-4, we have the following result. 
NONOSCILLATION OF EVEN ORDER EQUATIONS
In this section, we assume that m 2 2 is an even integer.
THEOREM 5. Assume that 0 5 c < 1 and that 2 P-lqi < 00,
Further, assume that there exist a constant cx > l/(1 -c) and a sufficiently large Ni 1 nc such that 4n -apn, > for n 2 Nl.
PROOF. By (22) and (23), there exists an n1 > max{Ni, no + 0) sufficiently large such that c+~~(i-n+m-l)r"")(pi+pi)~e~<l, ' forn>nr, Define an operator T : R + 12 as follows:
It can be proved that T has the unique fixed point x, which is a bounded positive solution of equation (1). The rest of the proof is similar to that of Theorem 1, and thus, is omitted.
THEOREM 6. Assume that 1 < c < +oo and that (22) It can be proved that T has the unique hxed point x, which is a bounded positive solution of equation (1) . The rest of the proof is similar to that of Theorem 2, and thus, is omitted. It can be proved that T has the unique fixed point x, which is a bounded positive solution of equation (1) . The rest of the proof is similar to that of Theorem 3, and thus, is omitted. It can be proved that T has the unique fixed point x, which is a bounded positive solution of equation (1). The rest of the proof is similar to that of Theorem 4, and thus, is omitted.
In the special case where p, c 0, conditions (23)- (26) 
has a bounded nonoscillatory solution.
